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The traditional way of determining the slip velocity of molten polymers is the classic 
Mooney technique, which utilizes experimental data obtained from a capillary rheome- 
ter. However, measurements of the rheological properties of polymer melts in capillary 
flow at high shear rates are often complicated by viscous heating, which is not taken 
into account by this method. A data analysis procedure based on a mathematical model 
for nonisothemal capillary flow of molten polymers is developed. Conduction, convec- 
tion, and viscous heating are included, together with the eflect of wall slip. The tech- 
nique provides detailed velocity and temperature fields in the die, and can be used to 
determine the slip velocity at high shear rates corrected for the effect of viscous heating. 
It is tested for the capillary flow of several polymers, including polystyrene, polypro- 
pylene, high-density, and linear low-density polyethylenes. 

Introduction 
It is generally accepted that polymer melts, unlike Newto- 

nian fluids, may violate the classic no-slip boundary condition 
of Newtonian fluid mechanics and slip over solid surfaces 
when the wall shear stress exceeds a critical value (Rama- 
murthy, 1986; Kalika and Denn, 1987; Hatzikiriakos and 
Dealy, 1991). In several polymer processes, the melts are sub- 
ject to very large shear stresses that often exceed this critical 
value (usually about 0.1 MPa). To simulate these processes 
realistically, a reliable slip velocity model is needed that ade- 
quately describes the interfacial behavior of polymer melts. 

It is also well known that whenever a viscous material is 
deformed in a flow field, some of the work of deformation is 
converted into thermal energy by means of viscous dissipa- 
tion (Winter, 1977; Cox and Macosko, 1974). This phe- 
nomenon, generally known as viscous heating, is typical in 
the processing of molten polymers. Most polymers have high 
viscosities and low thermal conductivities, which in combina- 
tion with large process shear rates can lead to a significant 
increase in temperature. 

One of the common tools used to study the rheological 
behavior of molten polymers, as well as the wall-slip phe- 
nomenon, is the capillary rheometer. The traditional way of 
detecting and quantifying the presence of wall slip is to use 
experimental data from a capillary rheometer and the classic 
Mooney method (Mooney, 1931). This technique requires the 
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performance of capillary experiments with a series of dies 
with the same length-to-diameter ratio, L/D, in order to keep 
constant the effect of pressure and different diameters, D. If 
slip occurs, the flow curves (wall shear stress vs. apparent 
shear rate) start diverging (become diameter-dependent) at a 
certain value of wall shear stress. This value is taken to be 
the critical shear stress for the onset of slip. The Mooney 
method has been used for a variety of polymers by several 
authors in the past to determine their slip velocity as a func- 
tion of the wall shear stress (Lupton and Regester, 1965; 
Blyler and Hart, 1970; Ramamurthy, 1986; Hatzikiriakos and 
Dealy, 1992). 

One of the basic assumptions of the Mooney method is 
neglecting the temperature and pressure effects. However, it 
is reasonable to expect that the effect of viscous heating is 
quite significant at sufficiently high shear rates, at least for 
some types of polymers. Thus, one can expect that the 
Mooney method cannot be applied in all cases. Indeed, many 
researchers pointed out that experimental data points on the 
Mooney plot (apparent shear rate vs. inverse of capillary di- 
ameter) do not fall on a straight line as this technique pre- 
sumes (Lupton and Regester, 1965; Shih, 1979; Hatzikiriakos 
et al., 1995). Instead, the data define curves exhibiting a 
tendency to bend toward the higher apparent shear rates with 
increase in the die diameter (convex downwards). Usually 
such anomalies are ignored by researchers in the field, which 
may lead to inaccurate slip-velocity calculations. 
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Viscous heating in the capillary extrusion of polymer melts 
has been the subject of several reviews and studies over the 
past decades (Winter, 1977; Warren, 1988). Essentially, most 
of the previous investigators solved the mass, momentum, and 
energy equations that describe laminar flow in a capillary or 
slit under conditions where viscous heating is important 
(Ybarra and Eckert, 1980; Dinh and Armstrong, 1982; 
Milthorpe and Tanner, 1987; KO and Lodge, 1991). However, 
very few of them considered the combined effects of viscous 
heating and wall slip in numerical analysis. An attempt to do 
this was made by Lupton and Regester (1965). They carried 
out an analysis of the combined effects of slip velocity and 
viscous heating by using a simplified mathematical model for 
the flow of a power-law fluid, in an attempt to explain the 
origin of melt fracture. 
In this study we present the results of a numerical simula- 

tion for the capillary flow of polymer melts in order to assess 
the effect of viscous heating on the slip-velocity measure- 
ments. Moreover, using our mathematical model, a new data 
analysis procedure is proposed that is found to be suitable 
for slip-velocity calculations corrected for the effect of vis- 
cous heating. The method is applied successfully to experi- 
mental data for several polymers, including polypropylene, 
high-density, and linear low-density polyethylenes. 

The article is organized as follows. We begin our study with 
a presentation of the mathematical model. Then we discuss 
typical numerical results for a hypothetical material having 
properties similar to those of a typical polystyrene. We con- 
tinue with a detailed description of the new capillary data- 
analysis technique, which can be used to decouple the slip 
velocity and viscous heating effects. Following this, we apply 
this data-analysis technique to interpret experimental data 
previously measured for polypropylene and linear-density 
polyethylene resins in our labs (Kazatchkov et al., 1995; 
Hatzikiriakos et al., 1995). Finally, we discuss the main re- 
sults of this work and draw a few conclusions. 

Mathematical Model 
We consider the flow of a non-Newtonian fluid in a capil- 

lary of radius R and length L, with r and z as the coordi- 
nates in the radial and axial directions, respectively. The rele- 
vant nonzero velocity components are v, and v,, and the rel- 
evant physical properties of the fluid under consideration are 
its density p. heat capacity Cp, and thermal conductivity k .  
For our mathematical model we make the following assump- 
tions: 

Steady laminar axisymmetric flow prevails. 
The radial velocity is sufficiently small to be neglected in 

the momentum and energy equations, and is included only in 
the continuity equation. 

Pressure variations in the radial direction are small com- 
pared to those in the axial direction. 

The effects of inertia and gravity are negligible. 
Axial heat conduction is negligible compared to axial 

convection. 
The heat capacity and thermal conductivity are consid- 

ered to be temperature-dependent, and the fluid density is 
pressure- and temperature-dependent. The relevant equa- 
tions to calculate these properties are from Van Krevelen 
(1992) and given in the Appendix. 

Fluid viscosity is a function of temperature and pressure, 
and the fluid follows a "power-law" model. The n-compo- 
nent of the stress tensor may be written as follows: 

T,, = Kexp[aP  + A(T',, - T ) ]  1y-p) - (1) 

where rrZ is the n component of the stress tensor; P is the 
absolute pressure; T is the temperature; Tret is a reference 
temperature; K and n are the consistency index and the 
power-law exponent of the power-law model; and a ,  and A ,  
are the pressure- and temperature-dependent coefficients of 
the viscosity, respectively. 

There is a finite slip velocity at the wall us. 
With these assumptions the equations of continuity mo- 

mentum, and energy reduce to 

dT k d dP 

The mass flow-rate constancy equation is 

2 r I R  pv,rdr = rn. 
0 

Boundary conditions: 

z = o :  T = T ,  

z = L :  P=O 
r =0:  dT/dr = O  dvz/dr=O v, = O  

dT Bi 

(5  1 

(6) 

where Bi is the Biot number defined as 

where T,, k,, and t are the temperature, thermal conduc- 
tivity, and thickness of the wall, respectively; To = const is the 
temperature of the surroundings (at the outer surface of the 
die) taken to be equal to that of the polymer at the die inlet. 

The second term on the right side of Eq. 4 is the viscous 
heating term, while the last term allows for the effect of ex- 
pansion cooling due to fluid compressibility. The parameter E 

is the coefficient of thermal expansion defined as 
E = -(l/pXdp/dT),. Note that Eq. 4 is valid for both purely 
viscous and viscoelastic materials and independent of the 
choice of the constitutive equation (Astarita and Sarti, 1974). 

The thermal boundary condition at the wall is not known 
in general, and one has to guess this condition. Most of the 
studies prescribe idealized conditions, such as: 
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Constant wall temperature ( T ,  = const, Bi --$ m); 

Adiabatic wall ( d T / d r  = 0, Bi = 0); 
Constant heat flux at the wall [ dT/dr  = const, 

&(To - T,) = const]. 
The latter condition was extensively and successfully used 

in numerous previous studies (e.g., Winter, 1977) and is be- 
lieved to be the most realistic one. We will use only this ther- 
mal boundary condition in our numerical calculations. 

For simplicity, the local slip Velocity is modeled at this 
point by a modified Power-law expression (no pressure and 
temperature dependence): 

where uw is the wall shear stress. The factor 1A1+ 
( CT~/U~) '~]  basically zeros the slip velocity for stresses less 
than uc and becomes about equal to one for shear stresses 
slightly greater than uc. It is noted that this model is only 
used to illustrate our method. A more general and accurate 
form of a slip velocity model will be presented and used be- 
low. Equations 1-8 were solved utilizing an implicit finite dif- 
ference technique similar to that described by Warren (1988). 

One final comment concerning thermal properties of the 
polymers is as follows. It is known that viscoelastic fluids are 
anisotropic and that their physical and thermal properties can 
exhibit a dependence on the history of the kinematics. Cocci 
and Picot (1973) reported a slight dependence of the effec- 
tive thermal conductivity of polymers on the shear rate (up to 
10% in the range of shear rates from 0 to 200 s-l). The same 
effect can be expected for the heat capacity. However, there 
are no reliable expressions for considering these effects in 
our study. Nevertheless, we performed several test runs to 
estimate their influence on our calculations. We found that 
simultaneous increase of both thermal conductivity and heat 
capacity by 10% results in less than 1% change in the wall 
shear stress over a wide range of the shear rates. Based on 
this, the effect of deformation history on the thermal proper- 
ties of polymers was excluded from our study. 

Numerical Analysis and Results 
To study the combined effect of viscous heating and wall 

slip, numerical simulations for the flow of a hypothetical 
polymer melt with physical properties similar to those of a 
typical polystyrene melt, were performed. These constants 
were found from Van Krevelen (1992) and are listed in Table 
1. Three cases have been analyzed numerically in order to 
understand the relative significance of the viscous heating and 

Table 1. Constants in Eqs. 1-8 for a Hypothetical Polystyrene 
Fluid 

Eq. 1 A ,  K-' 0.02 
K, Pa.s" 35,000 

a, Pa 3.5 x 1 0 - ~  
Trer, "C 190 

Eq. 8 n 
a 
a,, MPa 
m 

0.4 
1.2 
0.12 
3 

Slip and no viscous heating 
UD=40 
D=0.508 mm 
D=0.762 mm 
D=l.270 rnrn 
No slip 

/ 0.04 I I I I 1 1 1 1 1 l  I , 1 1 1 , 1 1 1  , I , " , ,  
I 10 100 1000 10000 

Apparent shear rate, s" 
Figure 1. Calculated flow curves for a hypothetical ma- 

terial (physical properties listed in Table 1) 
under the influence of a slip boundary condi- 
tion (slip with no viscous heating case). 

slip flow effects on the flow curve (wall shear stress vs. appar- 
ent shear rate): 

No viscous heating with slip; 
Viscous heating with no slip; 
Viscous heating with slip. 

First consider the case of no viscous heating with slip. Fig- 
ure 1 plots the flow curves calculated for three capillary dies 
with different diameters, namely, 0.508, 0.762, and 1.27 mm, 
and a constant L/D ratio equal to 40. The quantities plotted 
in Figure 1 are defined as follows: 

4Q 
?A = 

A PR 
U w = -  

2L ' 

(9) 

(10) 

where, +A is the apparent shear rate, AP is the total pres- 
sure drop along the capillary, and Q is the volumetric flow 
rate. It is noted that in the presence of viscous heating or for 
a pressure-dependent slip boundary condition, the wall shear 
stress is not constant along the capillary. Therefore, the pre- 
viously defined wall shear stress only represents an average 
quantity. 

It can be seen from Figure 1 that at some critical wall shear 
stress the curves start diverging, clearly indicating the diame- 
ter dependence of the flow curves. It can also be seen that 
the flow curve that corresponds to the capillary with the 
smaller diameter deviates more from the no-slip flow curve. 
These observations are consistent with the assumption of a 
wall-slip boundary condition and the applicability of the 
Mooney technique. 

Now consider the second case, that is viscous heating with 
no slip. Figure 2 depicts flow curves for the same hypothetical 
polymer, capillary dies, and conditions as in the previous case 
(Figure 1). It can be seen that at relatively low values of the 
apparent shear rate all curves coincide, because the effect of 
viscous heating is insignificant at these small rates. However, 
as the apparent shear rate increases, the temperature in- 
crease becomes significant, and the flow curves start diverg- 
ing and become diameter-dependent. The degree of diver- 
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Figure 2. Calculated flow curves for a hypothetical ma- 
terial (physical properties listed in Table 1) 
under the influence of viscous heating effects 
(no slip with viscous heating case). 

gence depends primarily on the physical properties of the 
polymer, and particularly on the temperature-dependent co- 
efficient of the viscosity. However, the trend in the diameter 
dependence of the flow curves is opposite compared to that 
obtained in the first case (no viscous heating with slip). As 
can be seen from Figure 2, the viscous heating effect is more 
pronounced for capillary dies having a larger diameter. This 
is obvious since heat is conducted less efficiently radially in 
large dies. In addition, the die with the larger diameter is, in 
fact, longer since the ratio L/D is kept constant. Thus due to 
increased length the viscous heating is more significant for a 
capillary die of a larger diameter. 

Obviously, it is reasonable to expect that in the presence of 
the two competing effects just described, namely those of slip 
and viscous heating on the flow curves, significant deviation 
from the assumptions of the Mooney method may result. In- 
deed, the case of ukcous heating with slip is presented in Fig- 
ure 3. The flow curves were calculated for the combined ef- 
fect of wall slip and viscous heating for the same hypothetical 
material, capillary dies, and conditions. At the onset of slip 

0:; 1 Slip and viscous heating 
UD=40 

- D=0.508rnrn 
D=0.762 rnrn 
D=l.270 rnrn 

--- 

0.2 

0.04 1 , f,, ,,,, I , , , , , , , , I  , , , ,,,,,, , , , ,,,,A 
1 10 100 1000 10000 

Apparent shear rate, s-' 
Figure 3. Calculated flow curves for a hypothetical ma- 

terial (physical properties listed in Table 1) 
under the influence of slip and viscous heat- 
ing effects (slip with viscous heating case). 

6000 1 
UD=40 71 n Slip only, no viscous heating -__- 

5000 1 - Slip and viscous heating - 
u) 

6 3 4000 
L m 
9) r 

c 
2 3000 

% $ 2000 

1000 
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IID, mrn-' 

Figure 4. The effect of viscous heating on slip velocity 
measurements by means of Mooney plot. 

flow, the curves start diverging, which indicates that slip oc- 
curs. At these relatively small apparent shear rates, the vis- 
cous heating effects are negligible and slip effects dominate. 
However, as the apparent shear rate increases, the effect of 
viscous heating becomes more significant, especially for capil- 
lary dies with a larger diameter. This effect causes significant 
deviation from the case of "no viscous heating with slip," and 
as a result at some point the flow curves converge, and cross 
each other at relatively higher apparent shear rates where 
the viscous heating effects become more dominant. Needless 
to say, for such a case the Mooney technique does not apply. 
It is also possible in some cases for the effect of viscous heat- 
ing to mask the detection of wall slip by suppressing the di- 
ameter dependence of the flow curves. Such a case is dis- 
cussed later. 

To demonstrate the failure of the Mooney method in the 
presence of viscous heating effects, consider the Mooney plot 
in Figure 4, that is, the relationship between the apparent 
shear rate and the reciprocal capillary diameter at fixed val- 
ues of the wall shear stress. Two cases have been plotted, 
those with and without viscous heating. One can see that 
consideration of viscous heating effects causes significant cur- 
vature to the Mooney plot particularly at higher shear stress 
values. Such curvature has been confirmed by many experi- 
mental studies (Lupton and Regester, 1965; Shih, 1979; 
Hatzikiriakos et al., 1995). This implies that some error in the 
calculation of the slip velocities using the Mooney technique 
is inevitable, especially in the case of significant viscous heat- 
ing. Moreover, for capillary dies having a relatively large di- 
ameter, the thermal effects become quite substantial, espe- 
cially at high wall shear stresses. As a result the curves pass 
through a minimum and turn upward sharply, as can be seen 
in Figure 4. These results are consistent with experimental 
data obtained by Vassal0 (private communication) using an 
instrumented extruder and presented by Lupton and Regester 
(1965) (for example, see Figure 8 in their article). 
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Shidara and Denn (1993) carried out experiments with a 
polystyrene resin using a slit rheometer with the gaps ranging 
between 34 and 765 pm. These authors provided an explana- 
tion for their results that was found to be inconsistent with 
the Mooney technique. Their conclusion was that the ob- 
served effects were due to viscous heating. It should be 
pointed out that polystyrene, in general, has very high tem- 
perature- and pressure-dependent coefficients, and therefore 
viscous heating effects may be dominant. Based on the pres- 
ent numerical results, it is reasonable to believe that the 
combined effects of viscous heating and wall slip resulted in 
such a gap dependence of their data. In fact, their Figure 4 
indicates a gap dependence that is opposite to what one ex- 
pects to obtain in the presence of slip. 

It is clear from the preceding numerical results that in cases 
where viscous heating is significant, data interpretation that 
only uses the Mooney technique is almost impossible, or if 
used may lead to large errors in calculating slip velocities. 
One way to alleviate this is by using only data obtained with 
capillaries that have small diameters. For such capillaries the 
effects of viscous heating are less significant. To see this more 
clearly, one can compare the slopes of the lines (=  8uJ in 
Figure 4 for the cases with and without viscous heating. The 
curves almost coincide for large values of 1/D, that is, for 
small diameters. Unfortunately, capillaries having sufficiently 
small diameters to make the thermal effect negligible are not 
always available, or their use does not provide adequate in- 
formation to completely characterize the flow behavior of a 
polymer. In addition, to obtain experimental data from such 
small-diameter capillaries is an extremely time-consuming 
procedure, and polymer degradation may become a factor due 
to the long pressure transients involved (Hatzikiriakos and 
Dealy, 1994). 

Therefore at this point, it is desirable to use a mathemati- 
cal method, which based on the experimental results, can cal- 
culate the true viscosity and slip velocity of the melts by ac- 
counting for the viscous heating effects. Essentially, this 
method should be able to solve the inverse problem, that is, 
given the experimental results estimate the slip velocity and 
rheological properties of the polymers (mainly viscosity) cor- 
rected for viscous heating effects. This is clearly an optimiza- 
tion problem. A procedure suitable for this purpose is de- 
scribed below. 

Data Analysis Technique 
To overcome the complications imposed by the viscous 

heating effects, the following procedure is proposed for ana- 
lyzing capillary rheometry data. 

Capillary rheometry experiments are carried out using 
capillary dies having various diameters and L/D ratios (in- 
cluding orifice dies) and at different temperatures in order to 
assess the pressure, temperature, and end effects. 

Using the experimental data in the range of small appar- 
ent shear rates where the effects of wall slip and viscous 
heating are expected to be insignificant, the pressure de- 
pendence of viscosity can be determined. 

By applying the Rabinowitsch correction, the parameters 
of the power-law model, Eq. 1, and the temperature-de- 
pendent coefficient of viscosity can be calculated at small 
apparent shear rates. 

Using the entire set of experimental data, Eqs. 1-8 are 
solved in an iterative fashion to obtain the best fit of the 
calculated wall shear stress values to the experimental ones. 
To obtain this, the parameters of the slip-velocity model are 
used as variables. The average square deviation between pre- 
dicted and measured values of the wall shear stress is used as 
a minimization criterion. The problem is subject to con- 
straints on the parameters of the slip-velocity model. Thus 
any constrained optimization procedure can be used for this 
purpose. Instead of Eq. 8, any other appropriate form of the 
slip-velocity model can be chosen, depending on investigator’s 
preferences. 

Using the optimal values of the slip-model parameters, 
the slip velocity is calculated for a given value of the wall 
shear stress. If the slip-velocity model used includes explicit 
pressure and temperature effects, the local slip velocity can 
be calculated by solving Eqs. 1-8, and the average slip veloc- 
ity is determined as the mean slip velocity along the die. For 
an approximate but fairly accurate estimation, the slip veloc- 
ity can be calculated directly from the slip model for a given 
temperature and wall shear stress. 

The method of optimization employed in this study is the 
flexible tolerance method described in Himmelblau (1972). 
The method proved to be very reliable, though its execution 
time is fairly long. It provides only a local minimum, as do 
most local optimization methods. To determine a global min- 
imum, several consecutive runs with different initial guesses 
should be carried out. The parameter estimates that provide 
the minimum value of the average square deviation are con- 
sidered to be the global minimum. 

Interpretation of Experimental Data 
The procedure just described was tested on various poly- 

mers, namely high-density polyethylene (HDPE), linear low- 
density polyethylene (LLDPE), and polypropylene (PP). The 
case of HDPE (Sclair 56) is described in detail in Rosenbaum 
and Hatzikiriakos (1996). It is found that viscous heating is 
not significant for this resin, and the modified Mooney tech- 
nique employed by Hatzikiriakos and Dealy (1992) results in 
fairly accurate estimates of the slip velocity. Below we exam- 
ine the capillary flow of polypropylene and linear low-density 
polyethylene in order to assess the relative importance of slip 
and viscous heating effects. 

Combined slip and viscous heating effects in the capillary 
flow of a PP resin 

The second system examined within the context of the pro- 
posed procedure was that studied by Kazatchkov et al. (1995). 
The polymer used in that study was polypropylene (PP), which 
has a molecular weight M ,  of 762,000. Experiments were 
carried out on an Instron constant-speed piston-driven capil- 
lary rheometer using circular dies of various diameters and 
L/D ratios. Flow curves obtained for this resin using capillary 
dies of different diameters and constant L/D = 40 are pre- 
sented in Figure 5. 

As can be seen from Figure 5, these flow curves show no 
divergence, implying the absence of slip, at least in terms of 
the Mooney technique. However, in that study the authors 
concluded that slip is present, though its determination by 
the Mooney technique is impossible due to the fact that strong 
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Figure 5. Experimental and calculated flow curves for a 
polypropylene resin for three capillary dies 
having the same LID ratio of 40 and various 
diameters. 

viscous heating effects mask the diameter dependence of the 
flow curves. This conclusion was drawn on the basis of the 
following observations: PP extrudates appear to be distorted 
for apparent shear rates beyond a certain value. These visual 
defects on the surface of extrudates are always accompanied 
by wall slip for other systems such as high-density and linear 
low-density polyethylenes (Ramamurthy, 1986; Kalika and 
Denn, 1987; Hatzikiriakos and Dealy, 1992). Thus, the au- 
thors believed that this should also be the case for PP. Fur- 
thermore, application of the time-temperature superposition 
principle to superpose viscosity data failed for apparent shear 
rates beyond a certain value, which was found to be the same 
as that for the appearance of surface defects. In addition, 
viscosity data at higher temperatures were found to deviate 
more from power-law behavior. mainly because slip velocity 
increases with temperature. 

One can also confirm that the effect of viscous heating is 
more significant for the case of PP compared to those of 
HDPE and LLDPE by examining the flow-activation ener- 
gies, E * ,  using an Arrhenius type of equation to model the 
temperature dependence of viscosity 7 = A exp(E*/RT) (Van 
Krevelen, 1992; Wang and Porter, 1995). For PP it is about 
10 kcal/mole, for LLDPE, about 6.3 kcal/mole, and much 
less for HDPE. On the other hand, PS (the hypothetical ma- 
terial examined in Figures 1-4) has a very high value for E*, 
close to 20 kcal/mole, which implies that viscous effects are 
even more dominant in the capillary flow of this resin. 

Another way to conclude that viscous heating plays a sig- 
nificant role in the flow of PP is to calculate the Nahme num- 
ber that compares the relative effect of temperature changes 
due to viscous heat generation to those due to heat conduc- 
tion in the radial direction. This dimensionless number is de- 
fined as Nu= AF*i=k (Winter, 1977), where A is the tem- 
perature-dependent coefficient in Eq. 1, 5 is the mean axial 
velocity, k is the mean thermal conductivity at the reference 
temperature, and i j  is the reference viscosity corresponding 
to a reference shear rate 7 = C/R. For the apparent shear 
rate of 1,OOO s the mean velocity in the capillary of R = 
0.635 mm is 0.16 m/s, the thermal conductivity at 200°C is 
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Figure 6. Experimental and calculated flow curves for a 
polypropylene resin for three capillary dies 
having the same diameter and various LID ra- 
tios. 

0.12 W/(m.K), $=250 s- l ,  and i j = 5 0 0  Pa-s. The Nahme 
number is 1.07 for these conditions of the flow of PP, which 
is greater than 0.1 + 0.5, thus indicating that viscous dissipa- 
tion leads to significant viscosity changes, that is, changes re- 
flected in the temperature and velocity fields. 

To check the validity of this conclusion, the proposed 
data-analysis technique was used to calculate the slip velocity 
in the flow of molten polypropylene using the experimental 
data shown in Figures 5 and 6. Figure 5 plots flow curves of 
PP obtained by using capillaries with a constant length-to- 
diameter ratio, L/D = 40, and different diameters, and Fig- 
ure 6 plots flow curves of PP obtained by using capillaries 
with a constant diameter and various length-to-diameter 
ratios, L/D. 

The local slip velocity was modeled by using the modified 
power-law expression proposed by Hatzikiriakos and Dealy 
(1992). This can be written as 

(11) 

where to, clr c,, and m are coefficients; f , ( T )  is a function 
of temperature (the WLF equation, f,(T) = C,(T - To)/[C2 
+(T - To)], where C ,  and C, are constants, is used); E is an 
activation energy for adsorption/desorption; a,, is the local 
wall shear stress; afl is the local normal stress at the wall; o, 
is the critical shear stress for the onset of slip; and I is the 
resin polydispersity. Note that the denominator 1 + (ac/aW)'Oo 
must be included in order to zero the slip velocity for wall 
shear stresses less than the critical value, a,. The normal 
stress can be approximated by (Hatzikiriakos and Dealy, 1992) 

a, = P +50aw/12. (12) 

Note that the slip model Eq. 11 takes into account both the 
temperature and pressure dependence of the slip velocity. 
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Table 2. Constants for PP and LLDPE 

PP LLDPE 
Polydispersity I 1 3.9 
Thermal conductivity of the wall k , ,  W((m.K) 17.0 17.0 
Eq. 1 A ,  K- 0.01 0.0075 

K ,  P a 9  21,956 8,100 

a ,  Pa 5.9 x 10-9 4X lo-’ 
n 0.34337 0.674 

WFL equation c, 1.159 2.552 
C, ,  K 109.43 83.61 

Trefr “C 200 200 

The values of the parameters for Eqs. 1 and 11 are given in 
Table 2 along with other physical properties of polypropy- 
lene. The constant heat-flux thermal boundary condition was 
used in the numerical simulations. The optimization program 
includes as constraints that (1) the adjustable parameters to, 
cl,  c 2 ,  m, E ,  and a, be positive, and (2) the slip velocity 
should not exceed the average velocity obtained from a plug- 
flow assumption. The number of experimental points was 43. 
The optimal values of the slip velocity model parameters are 
listed in Table 3. The calculations were repeated several 
times, each time starting with a different initial guess, and 
the program always recovered the same set of values. These 
values are believed to provide a unique solution to the prob- 
lem and to be a global minimum as well. The average devia- 
tion from the experimental data was about 2.9%. 

The calculated flow curves for the dies with diameters of 
0.508 mm, 0.762 mm, and 1.27 mm and the same L/D ratio 
of 40 are presented in Figure 5, along with the experimental 
data points. One can see the excellent agreement between 
experimental and simulated data. In particular, the flow 
curves seem to almost coincide, implying the absence of wall 
slip (no diameter dependence). As discussed and presented 
below, however, our calculations have shown that slip does 
occur. Figure 6 shows fitted and experimental flow curves ob- 
tained for the capillaries of the same diameter and various 
L/D ratios that are again in very good agreement. Diver- 
gence between the flow curves indicates that the viscosity is a 
function of pressure. 

Figure 7 depicts predicted slip velocity, wall shear stress, 
pressure and temperature rise profiles (axial) for capillary dies 
with the same diameter, and various L/D ratios. The average 
wall shear stress is 0.3 MPa for all dies. However, it can be 
seen that the actual wall shear stress profiles vary with 
changes in the L/D ratio. For a short capillary the shear stress 
is almost a linear function of the axial position, decreasing 
gradually throughout the length of the capillary. However, in 
a long die the shape of the curve becomes slightly convex 

upward and the wall shear stress decreases significantly along 
the length of the die. The pressure drop is almost linear along 
the die. The slip velocity is strongly affected by the combina- 
tion of these parameters, aw, T ,  and P. In short capillaries 
where the temperature rise is small enough, it is nearly con- 
stant along the die. As the L/D ratio increases, the pressure 
becomes a factor and the average slip velocity decreases. 
However, since the effect of viscous heating is more pro- 
nounced for longer capillaries, the slip velocity is not con- 
stant throughout the die anymore, thus decreasing with in- 
creases in the temperature. The dip in the slip-velocity pro- 
file becomes larger and deeper as the L/D ratio increases. 
At the die exit the reduction of pressure causes the slip veloc- 
ity to increase, thus diminishing the effect of temperature. 

Figure 8 presents the predicted slip velocity, wall shear 
stress, pressure, and temperature-rise profiles (axial) for cap- 
illaries with L/D= 40 and different diameters. The same 
trend can be observed in this case; that is, the slip velocity 
first decreases due to viscous heating, then passes through a 
minimum, and increases close to the die exit as a result of 
pressure reduction. The curvature of the slip-velocity profile 
depends on the temperature rise, which is greater for capil- 
laries with larger diameters. 

The average temperature rises plotted in Figures 7 and 8 
are, in general, more pronounced for longer dies that have 
the same diameter and for larger dies with a constant L/D 
ratio. In a long die the residence time of the melt is higher, 
and thus the melt is subject to larger amounts of heat-dis- 
sipation. However, for long enough capillaries this trend may 
be reversed because expansion cooling becomes significant. 
Indeed, it can be seen in Figure 7 that the average tempera- 
ture rise is higher in the capillary with an L/D = 40 than in 
the capillary with an L/D=70. While energy dissipation is 
higher for the L/D = 70, expansion cooling reduces the tem- 
perature in the core region of the melt significantly, with the 
result that the average temperature rise is kept small. In gen- 
eral, it can be seen in Figures 7 and 8 that the calculated 

Table 3. Calculated Parameters of the Slip Velocity Model, Eqs. 11 and 13 

Polypropylene Polyethylene 
Parameter Equation 11 Equation 13 Equation 11 Equation 13 
to, m/s 0.8219X 0.8219X lo-’ 0.1227xlO-’ 0.1227 X 10- ’ 
c1 0.968 0.968 0.988 0.988 
c’, cal/mol 7.19 14.38 15.27 30.54 
E,  cal/mol 1,422.6 1,452.6 1,203 .O 1,266.6 
uc, Pa 0.911 X lo5 0.911 X lo5 0.807 X lo5 0.807 X lo5 
m 4.897 4.897 4.312 4.312 
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Figure 7. Calculated axial slip velocity, wall shear 
stress, pressure, and average temperature 
rise in the capillary flow of a polypropylene 
resin for three dies having the same diameter 
and various LID ratios. 

average temperature rises are small, so one would expect that 
viscous heating is not significant. However, the maximal tem- 
perature rise close to the wall may exceed the average one by 
several times reaching quite significant values. It is this tem- 
perature rise that significantly influences the rheological 
measurements and always increases with L/D (D = const) 
and D (L/D = const). Figure 9 plots the radial temperature 
profiles at the die outlet for the two cases described in Fig- 
ures 7 and 8. We can see that the higher temperature rise 
occurs in the region close to the wall. This is the region of 
high shear, and thus that of the largest temperature rise. At 
the same time, this is the region where temperature has the 
strongest influence on the rheological measurements as well 
as the slip-velocity ones. In the core region of the die, how- 
ever, expansion cooling is dominant, thus causing the temper- 
ature to drop significantly. Expansion cooling caused by the 
small but finite polymer compressibility is strongly affected 
by the pressure; hence, it is more pronounced for the capil- 
laries with larger L/D ratios. 

From the slip-velocity model used and the numerical re- 
sults presented in Figures 7 and 8, it is obvious that the slip 
velocity is a function of the wall shear stress, wall normal 
stress, and temperature; thus, it varies with the axial position 

Y 1  

------A 
I ,  I 1 , 1 , , , , 1 , , , , 1 , , , ,  

0.0 0.2 0.4 0.6 0.8 1 .o 
Axial position, z/L 

Figure 8. Calculated axial slip velocity, wall shear 
stress, pressure, and average temperature 
rise in the capillary flow of a polypropylene 
resin for three dies having the same LID ratio 
and various diameters. 

along the die. However, it is often desirable to find the aver- 
age slip velocity as a function of the average wall shear stress 
for capillaries with various length-to-diameter ratios. This can 
be done by first assuming that pressure changes linearly in a 
capillary (a good approximation). Second, we can express the 
normal stress on, in terms of L/D, and substitute the results 
in Eqs. 11-12 (for more details, see Hatzikiriakos and Dealy, 
1992). We can obtain the following expression for the slip 
velocity: 

(13) 

where E* = E +50c2/12, and cg = 2c2. The significance of 
this equation is that the obtained slip-velocity values can now 
be compared directly with the experimentally determined 
ones. Figure 10 plots the slip velocity of PP as a function of 
wall shear stress for various L/D capillary ratios. The opti- 
mum values of the parameters in Eqs. 11 and 13 calculated 
from the minimization algorithm, are listed in Table 3. As 
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Figure 11. Experimental flow curves and those calcu- 
lated in the absence of wall slip for a 
polypropylene resin for three capillary dies 
having the same LID ratio of 40 and various 
diameters. 
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Figure 9. 

0.2 0.4 0.6 0.8 slip. It is clear that viscous heating is significant due to the 
presence of diameter dependence, and the overall descrip- 
tion of the data in the absence of wall slip becomes poor. 
Thus, the inclusion of wall slip is a necessary ingredient of 
our model in adequately describing the capillary flow of PP 
at high enough shear rates where the effects of viscous heat- 
ing and wall slip become significant. 

Radial position, rlR 

Calculated radial temperature profiles at the 
die outlet in the capillary flow of a polypro- 
pylene resin for dies having various LID ra- 
tios and diameters. 

can be seen in Figure 10, despite the apparent absence of slip 
from the experimental data of Figure 5, the slip velocity of 
PP is considerable. At high enough shear stresses, it exceeds 
that calculated for a HDPE (Hatzikiriakos and Dealy, 1992). 
In addition, the calculated slip velocities scale with L/D ra- 
tio, indicating the same trend as that observed experimen- 
tally. 

Figure 11 compares the experimental results presented in 
Figure 5 with the model predictions in the absence of wall 

- UD=10 

0.10 0.15 0.20 0.25 0.30 

Wall shear stress, MPa 

Figure 10. Calculated slip velocity of a polypropylene 
resin as a function of wall shear stress for 
capillary dies having various LID ratios. 

Combined slip and viscous heating effects in the capillary 
jlow of an LLDPE resin 

The case of PP demonstrated an example of how the slip 
velocity of a polymer can be calculated when macroscopic 
experimental data imply the absence of slip (no diameter de- 
pendence of flow curves). For such a case the Mooney method 
is obviously not applicable. However, it would be interesting 
to examine one case where capillary data were actually used 
to determine the slip velocity. For such a case, using our 
mathematical model, it would be possible to estimate the er- 
ror resulting from the curvature of the lines in the Mooney 

To answer this question, the experimental data for a linear 
low-density polyethylene (LLDPE, Dowlex 2049) reported by 
Hatzikiriakos et al. (1995) are used to calculate the parame- 
ters of the slip-velocity model for this polymer (Eq. 11). The 
authors reported that the Mooney plots were severely curved 
and identified this as a viscous heating effect. In spite of this, 
straight lines were fitted to the data, and thus the slip veloc- 
ity was calculated as a function of the wall shear stress for a 
number of capillaries with various L/D ratios. 

The values of the parameters used in Eqs. 1 and 11 are 
tabulated in Table 2. The number of experimental points was 
46. The optimal values of the slip-velocity model parameters 
calculated by the optimization technique are listed in Table 
3. The average deviation from the experimental data was 
about 5.9%. Figure 12 shows experimental and predicted flow 
curves for capillaries that have the same L/D ratio and dif- 
ferent diameters. As can be seen, the obtained deviation 

plot. 
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Figure 12. Experimental and calculated flow curves for 

a linear low-density resin (Dowlex 2049) for 
three capillary dies having the same LID ra- 
tio of 40 and various diameters. 

(5.9%) can be attributed to experimental error and primarily 
comes from fitting the data corresponding to the capillary die 
with the smallest diameter. 

Figure 13 compares the slip velocities calculated with Eq. 
13 using the values of the parameters listed in Table 3, with 
those calculated from macroscopic experimental data re- 
ported by Hatzikiriakos et al. (1995). One can identify quite 
significant differences between the slip-velocity values pre- 
dicted by the present procedure (continuous lines) and those 
calculated using the graphical Mooney technique (symbols). 
These differences become more significant at relatively high 
wall shear stress values (viscous heating effects dominate). 
The agreement between the predicted values and the experi- 
mental data obtained for the special case of L/D = 0 is re- 
markably good. These data correspond to the slip velocity 

Dowiex 2049 T=200 OC 

0.1 0.2 0.3 

Wall shear stress, MPa 

Figure 13. Experimental and calculated slip velocities of 
a linear low-density resin (Dowlex 2049) as a 
function of wall shear stress for capillary dies 
having various LID ratios. 

obtained from a sliding plate rheometer operated at ambient 
pressure. This is due to the fact that viscous heating effects 
are negligible in a sliding-plate rheometer compared to those 
in a capillary rheometer (Dealy, 1982). It should be noted 
that the sliding-plate rheometer data were not used in the 
fitting procedure. They were estimated by using the calcu- 
lated values of the model parameters. In addition, Figure 13 
shows that the disagreement between the slip-velocity predic- 
tions and the capillary rheometer data increases with in- 
crease in L/D, that is, with increase in the significance of the 
viscous heating effects. 

Conclusions 
The problem of evaluating the slip velocity in the capillary 

flow of molten polymers based on experimental results (for 
example, diameter dependence of flow curves) was studied in 
detail. It was found that in cases where viscous heating ef- 
fects are significant, the traditional methods used to estimate 
the slip velocity (for example, Mooney’s technique) often fail 
to give accurate or even physically meaningful results. In the 
present work, a data-analysis procedure based on a mathe- 
matical model for the nonisothermal capillary flow of poly- 
mer melts coupled with heat transfer is developed. 

The computer simulations proposed can be used for two 
purposes: to provide detailed velocity, temperature, and pres- 
sure distributions that can be useful in designing dies; and to 
recover the parameters of the slip-velocity model used, cor- 
rected for the effect of viscous heating. The method was used 
to correct experimental capillary results obtained for various 
polymers, including PP, high- and low-density PE. It was 
found that the results corrected for viscous heating effects 
are consistent with experimental data. 
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Appendix: Relationships to Calculate Physical 
Properties of the Polymers Studied 

All correlations, relationships, and physical properties are 
taken from Van Krevelen (1992). The density of polymers is 
assumed to be a function of temperature and pressure, that 
is, p = p(T ,p )  (Table A l ) .  It is modeled by using the 

Spencer-Gilmore equation (modified van der Waals equa- 
tion), which has the following form: 

where p is density (g/cm3); p is applied pressure (bar); T is 
temperature (K); w is specific volume at p = 0 and T = 0 
(cmyg); r is internal pressure (bar); and M is the molecular 
mass of the interacting unit, which is usually identical to the 
structural unit of the polymer (g/mol). From Eq. A 1  one can 
calculate the density as 

The coefficient of thermal expansion is defined as: 
E = - ( l /pXap /aT)p .  

The term E T  in the energy equation (Eq. 4) can be ob- 
tained by differentiating Eq. A2 with respect to T :  

The heat capacity is assumed to be a function of temperature 
and is given by 

(A4) 

where Cp is in J/(moi.K), T in “C. 
The thermal conductivity is assumed to be a function of 

temperature. From a generalized curve for the thermal con- 
ductivity of polymers (Van Krevelen, 1992), one can find for 
T > Tg 

where Tg is the glass transition temperature (K), and k ( T )  is 
in W/(m.K). 
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